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! Solution of Dirichlet problem of elliptic pde by red-black point relaxation
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SUBROUTINE REDBLK1(u,c,f,r,il,if,j1,jf,me,nef,mo,nof,al,na,naf,rmean,e)
DIMENSION u(0:if,0:jf),c(i1,j1,0:4),f(i1,j1),r(i1,j1),me(2,nef) ,mo(2,nof)
IF(al<=1.)al=1.5; naf=MAXO(naf,100)

e=AMAX1(e,1.E-5)

ne=0; no=0

DO i=1,il1; DO j=1,j1

IF(MOD (i+j,2)==0) THEN !for red points
ne=ne+l; me(1l,ne)=i; me(2,ne)=j !input ij in me
ELSE !for black points
no=no+1; mo(1,no)=i; mo(2,no)=j !input ij in mo

ENDIF

ENDDO; ENDDO
na=0; 10 na=na+l
DO n=1,nef; i=me(1l,n); j=me(2,n) !red points
r(i,j) = c(i,j,1)*u(i-1,j)+c(i,j,2)*u(i+1,j) !compute residuals
+c(i,j,3)*u(i,j—1)+c(i,j,4)*u(i,j+1)
+c(i,j,0)*u(i,j)-£(1,j)

F =

u(i,j) = u(i,j)-al*r(i,j)/c(i,j,0) !point over-relaxation
ENDDO
DO n=1,nof; i=mo(1l,n); j=mo(2,n) 'black points

&

r(i,j) = c(i,j,1)*u(i-1,j)+c(i,j,2)*u(i+l,j)
+c(i,j,3)*ui,j-1)+c(i,j,4) *u(i, j+1)
+c(i,3,0)*u(i,j)-£(1,3)

!compute residuals

&

u(i,j) = u(di,j)-al*r(i,j)/c(i,j,0) !point over-relaxation
ENDDO
rmean=0.
DO i=1,il; DO j=1,j1

rmean = rmean+ABS(r(i,j)) !compute mean residual

ENDDO; ENDDO

rmean=rmean/FLOAT (i1%j1)

IF (rmean>e . AND.na<naf) GOTO 10 !decide convergence
END
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0000000000000000000000000000 e, mbO0000000000000000
000000000004 j00000000000000000000000000000000000
0000000 rmean = (X |rij)/(i1j1) <e0000000n=n;0000000000000000
00000 uwDD000 w000 r0000 r;000 na,rmeand n0 rpeas 000000000000
0000000000000 0000000000000000000000000000000000
000000000000000000000000000000000000000000000000
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! Solution of mixed bound value problem of elliptic pde by red-black point relaxation
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SUBROUTINE REDBLK2(u,c,f,r,if,jf,phi,me,nef,mo,nof,al,na,naf,rmean,e)

DIMENSION u(0:if,0:jf),c(if,jf,0:4),f(if,jf),r(if,jf) ,me(2,nef) ,mo(2,nof)
IF(al<=1.)al=1.5; naf=MAXO(naf,1000)

e=AMAX1(e,1.E-5)

ne=0; no=0

DO i=1,if; DO j=1,jf

IF(MOD (i+j,2)==0) THEN !for red points
ne=ne+1l; me(l,ne)=i; me(2,ne)=j !input ij in me
ELSE !for black points
no=no+1; mo(1,no)=i; mo(2,no)=j !input ij in mo

ENDIF

ENDDO; ENDDO
na=0; 10 na=na+l

DO n=1,nef; i=me(1l,n); j=me(2,n) !red points
ip1=MINO(i+1,if) !Neumann cond
jpl=j+1; IF(j==jf)jpl=1 !periodic cond
r(i,j) = c(i,j,1)*u(i-1,j)+c(i,j,2)*u(ipl,j) & !compute residuals
+c(i,j,3)*u(i,j-1)+c(i,j,4)*u(i,jpl) &
+c(i,j,0)*u(i,j)-£(1,j)
u(i,j) = u(i,j)-al*r(i,j)/c(i,j,0) !point over-relaxation
ENDDO
DO n=1,nof; i=mo(1,n); j=mo(2,n) 'black points
ip1=MINO(i+1,if) !Neumann cond
jpl=j+1; IF(j==jf)jpl=1 !periodic cond
r(i,j) = c(i,j,D*uli-1,j)+c(i,j,2)*xulipl,j) & !compute residuals
+c(i,j,3)*u(i,j-1)+c(i,j,4) *u(i,jpl) &
+c(i,j,0)*u(i,j)-£(i,7)
u(i,j) = u(i,j)-al*r(i,j)/c(i,j,0) !point over-relaxation
ENDDO
FORALL (i=1:if)u(i,0)=u(i, j£)-phi
rmean=0.
DO i=1,if; DO j=1,jf
rmean = rmean+ABS(r(i,j)) !compute mean residual
ENDDO; ENDDO
rmean = rmean/FLOAT(ifx*jf)
IF (rmean>e.AND.na<naf) GOTO 10 !decide convergence

END

000000000000 wee +uyy =—-2003200000000000000000000000
vw=00000000000000000000000.0500000000000000 u;;00e=10""
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3.2 Chebyshev SLOR [

Chebyshev SLOR O (zebra line overrelaxation) 0 O 00 OO (SLOR iterative scheme) 00 00000
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! Solution of Dirichlet problem of elliptic pde by zebra line overrelaxation
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SUBROUTINE ZEBRA1(u,c,f,r,il,if,j1,jf,a,b,n,ie,io,bt,na,naf,rmean,e)

DIMENSION u(0:if,0:jf),c(0:if,0:jf,0:4),f(0:if,0:jf),r(0:if,0:jf),a(io,n,3),b(io,n)
IF(bt<.75)bt=.8; naf=MAXO(naf,1000)

e=AMAX1(e,1.E-5)

na=0; 10 na=na+l

DO ii=1,ie; i=2*ii; DO j=O0, jf leven columns
a(ii,j+1,1) = c(i,j,3) !setup coef matrix
a(ii,j+1,2) = c(i,j,0)*bt
a(ii, j+1,3) = c(i,j,4)
b(ii,j+1) = £(i,j)-c(i,j,1)*u(i-1,j)-c(i,j,0)*u(i,j) & !setup rhs

*(1.-bt)-c(i,j,2)*¥u(i+1,j)
ENDDO; ENDDO
CALL GAUSSZ(a,b,io,n,ie) !solve sets of linear eqns
DO ii=1,ie; i=2*ii; DO j=0, jf
u(i,j) = b(ii,j+1)
ENDDO; ENDDO

DO ii=1,io; i=2*ii-1; DO j=0,jf 'odd columns
a(ii,j+1,1) = c(i,j,3) !setup coef matrix
a(ii, j+1,2) = c(i,j,0)*bt
a(ii, j+1,3) = c(i,j,4)
b(ii,j+1) = £(i,j)-c(i,j,1)*u(i-1,j)-c(i,j,0)*u(i,j) & !setup rhs

*(1.-bt)-c(i,j,2)*u(i+l,j)
ENDDO; ENDDO
CALL GAUSSZ(a,b,io,n,io) !solve sets of linear eqns
DO ii=1,io; i=2*ii-1; DO j=0, jf
u(i,j) = b(ii,j+1)
ENDDO; ENDDO

rmean=0.
DO i=1,i1; DO j=1,j1
r(i,j) = c(d,j,D*uli-1,j)+c(i,j,2)xu(i+l,j) & !compute residuals
+c(i,j,3)%ui,j-1)+c(i,j, &) *uli,j+1) &
+c(i,j,0)*u(i,j)-£(1,j)
rmean = rmean+ABS(r(i,j))/FLOAT(il*j1) !compute mean residual
ENDDO; ENDDO
IF (rmean>e.AND.na<naf) GOTO 10 !decite convergence
END

Pexkkx Subroutine GAUSSZ *xk*x

! Solution of sets of linear eqns with tri-diagonal matrix by Gaussian elimination
SUBROUTINE GAUSSZ(a,b,m,n,if)

DIMENSION a(m,n,3),b(m,n)

DO k=1,n-1; DO i=1,if
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b(i,k)=b(i,k)/a(i,k,2); a(i,k,3)=a(i,k,3)/a(i,k,2)
b(i,k+1)=b(i,k+1)-a(i,k+1,1)*b(i,k)
a(i,k+1,2)=a(i,k+1,2)-a(i,k+1,1)*a(i,k,3)

ENDDO; ENDDO

FORALL (i=1:if)b(i,n)=b(i,n)/a(i,n,?2)

DO k=n-1,1,-1; DO i=1,if
b(i,k)=b(i,k)-a(i,k,3)*b(i,k+1)

ENDDO; ENDDO

END
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! Sol of mixed bound value problem of elliptic pde by zebra line overrelaxation

1 sk s sk s ok o ok o ok o ok s ok s ok s ok sk ok sk ok ok ok sk ok ok ok sk sk ok sk ok i KKK K KK K o o ok sk sk sk sk skok sk ok sk ok Kok KK KKK K R ok ok sk ok ok ok
SUBROUTINE ZEBRA2(u,c,f,r,i0,il,if,j1,jf,a,b,m,n,bt,na,naf,rmean,e)

REAL*4 u(0:if,0:jf),c(0:if,0:jf,0:4),£(0:1f,0:jf),r(0:1if,0:jf),a(m,n,3),b(m,n)
IF(bt<.75)bt=.8; naf=MAXO(naf,1000)

e=AMAX1(e,1.E-5)

ie0=(i0+1)/2; i00=i0-ie0; ie=if/2+1; io=if+l-ie

je=jf/2+1; jo=jf+l-je

na=0; 10 na=na+l

DO ii=2,ie; i=2%ii-2; ipl=i+1; DO j=0,jf leven columns
IF(i==if)ip1=if—2 libn=2
a(ii,j+1,1) = c(i,j,3) !setup coef matrices
a(ii, j+1,2) = c(i,j,0)*bt
a(ii, j+1,3) = c(i,j,4)
b(ii,j+1) = £(i,j)-c(i,j,1)*u(i-1,j)-c(i,j,0)*u(i,j) & !setup rhs

*(1.-bt)-c(di,j,2)*u(ipl,j)
ENDDO; ENDDO
CALL GAUSSMZ(a,b,m,n,2,ie0,jf+1,3,3) !solve sets of linear eqns
CALL GAUSSMZ(a,b,m,n,ieO+1,ie,jf+1,1,1)
DO ii=2,ie; i=2*ii-2; DO j=0, jf
u(i,j) = b(ii,j+1)
ENDDO; ENDDO

DO ii=1,io; i=2*ii-1; ipl=i+1; DO j=0,jf 'odd columns
IF(i==if)ipl=if-2 'ibn=2
a(ii,j+1,1) = c(i,j,3) !setup coef matrices
a(ii,j+1,2) = c(i,j,0)*bt
a(ii,j+1,3) = c(i,j,4)
b(ii,j+1) = £(i,j)-c(i,j, D *u(i-1,j)-c(i,j,0) *u(i,j) & !setup rhs

*(1.-bt)-c(i,j,2)*ulip1, j)
ENDDO; ENDDO
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CALL GAUSSMZ(a,b,m,n,1,io0,jf+1,3,3) !solve sets of linear eqns
CALL GAUSSMZ(a,b,m,n,ioO+1,io,jf+1,1,1)
DO ii=1,io; i=2*ii-1; DO j=0, jf
u(i,j) = b(ii,j+1)
ENDDO; ENDDO

GOTO 11
na=na+l
DO jj=1,je; j=2%(jj-1); jml=j-1; jpil=j+1; DO i=0,if !even rows
IF(i<iO)THEN; IF(j==0)jml=jf-1; IF(j==jf)jpl=1 'ibl=ibn=3
ELSE; IF(j==0) jm1=0; IF(j==jf)jpl=jf 'ibl,ibn=1
ENDIF
a(jj,i+1,1) = c(i,j, 1 !setup coef matrices

a(jj,i+1,2) = c(i,j,0)*bt

a(jj,i+1,3) = c(i,j,2)

b(jj,i+1) = £(i,j)-c(i,j,3)*u(i,jml)-c(i,j,0)*u(i,j) & !setup rhs

*(1.-bt)-c(i,j,4)*u(i, jpl)

ENDDO; ENDDO
CALL GAUSSMZ(a,b,m,n,1,je,if+1,1,2) !solve sets of linear eqns
DO jj=1,je; j=2%(jj-1)

FORALL(i=0:if)u(i,j)=b(jj,i+1)

ENDDO
DO jj=1,jo; j=2%jj-1; DO i=0,if 'odd rows
a(jj,i+1,1) = c(i,j,1) !setup coef matrices

a(jj,i+1,2) = c(i,j,0)*bt
a(jj,i+1,3) = c(i,j,2)
b(jj,i+1) = £(i,j)-c(i,j,3)*u(i,j-1)-c(i,j,0) *u(i,j) & !setup rhs
*(1.-bt)-c(i,j,4)*u(i,j+1)
ENDDO; ENDDO
CALL GAUSSMZ(a,b,m,n,1,jo,if+1,1,2) !solve sets of linear eqns
DO jj=1,jo; j=2%jj-1
FORALL(i=0:if)u(i,j)=b(jj,i+1)
ENDDO
11 rmean=0.
DO i=1,if-1; iml=i-1; ipl=i+1; DO j=0,jf; jmi=j-1; jpl=j+1

IF(i<iO)THEN; IF(j==0)jml=jf-1; IF(j==jf)jpi=1 libl=ibn=3

ELSE; IF (j==0) jm1=0; IF(j==jf)jpl=jf 1ibl,ibn=1

ENDIF

IF (i==if.AND.j>0.AND.j<jf)ipl=if-2 libn=2

r(i,j) = c(i,j,1)*u(iml, j)+c(i,j,2)*u(ipl,j) & !compute residuals

+c(i,j,3)*u(i,jml)+c(i,j, 4 *u(i,jpl) &
+c(i,j,0)*u(i,j)-£(1,3)

rmean=rmean+ABS (r(i,j))/FLOAT (if*jf) !compute mean residual
ENDDO; ENDDO
IF (rmean>e.AND.na<naf) GOTO 10 !decide convergence
END

Pexkkx Subroutine GAUSSMZ **¥**
! Sol of sets of linear eqns with modified tri-diagonal matrix based on Gaussian elimination
SUBROUTINE GAUSSMZ(a,b,ml,nl,is,ie,n,ibl,ibn)
REAL*4 a(mi,n1,3),b(ml,n1)
IF (ib1==2) THEN 'ib1=2
FORALL (i=is:ie)a(i,1,1)=a(i,1,1)/a(i,1,2)
FORALL (i=is:ie)a(i,2,3)=a(i,2,3)-a(i,2,1)*a(i,1,1)
ENDIF
DO k=1,n-1
IF(ib1==3.AND.k==n-2) & 'ibl=ibn=3
FORALL(i=is:ie)a(i,k,3)=a(i,k,3)+a(i,k,1)
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FORALL (i=is:ie)

b(i,k)=b(i,k)/a(i,k,2); a(i,k,3)=a(i,k,3)/a(i,k,2)

b(i,k+1)=b(i,k+1)-a(i,k+1,1)*b(i,k)

a(i,k+1,2)=a(i,k+1,2)-a(i,k+1,1)*a(i,k,3)

ENDFORALL

IF (ibn==2.AND.k==n-2) THEN 'ibn=2
FORALL(i=is:ie)b(i,n)=b(i,n)-a(i,n,3)*b(i,k)
FORALL(i=is:ie)a(i,n,1)=a(i,n,1)-a(i,n,3)*a(i,k,3)

ENDIF

IF (ib1==3) THEN 'ibl=ibn=3

IF (k<n-2) THEN
FORALL(i=is:ie)a(i,k,1)=a(i,k,1)/a(i,k,2)
FORALL(i=is:ie)a(i,k+1,1)=-a(i,k+1,1)*a(i,k,1)

ENDIF

IF (k>1.AND.k<n-2) THEN
FORALL(i=is:ie)b(i,n)=b(i,n)-a(i,n,3)*b(i,k)
FORALL(i=is:ie)a(i,n,1)=a(i,n,1)-a(i,n,3)*a(i,k,1)
FORALL(i=is:ie)a(i,n,3)=-a(i,n,3)*a(i,k,3)

ELSEIF (k==n-2) THEN
FORALL(i=is:ie)b(i,n)=b(i,n)-a(i,n,3)*b(i,k)
FORALL(i=is:ie)a(i,n,1)=a(i,n,1)-a(i,n,3)*a(i,k,3)

ENDIF

ENDIF

ENDDO

FORALL (i=is:ie)b(i,n)=b(i,n)/a(i,n,2)

DO k=n-1,1,-1
FORALL (i=is:ie)b(i,k)=b(i,k)-a(i,k,3)*b(i,k+1)
IF(ib1==3.AND.k<n-2) &

FORALL(i=is:ie)b(i,k)=b(i,k)-a(i,k,1)*b(i,n-1) 'ib1=ibn=3
ENDDO
IF(ib1==2)FORALL (i=is:ie)b(i,1)=b(i,1)-a(i,1,1)*b(i,3) 'ib1=2
END

oboooooooooboo ;000000000 .000000000y0000000O00 0000
ubobooobooooboooboboboobobo;00000000000 1000000000000
O0OO000D0O Dirichlet 0000000000000 O00ODOOODDODOOO 000000000000
oboobooooOobooOobobobOooobO0obooooboobo10bob0bo0oo00n0 GgaussMzO
Uoo00o0o0ob00b00GAussMZO 2400000000 cAussMOU O OO0OO0O0O0OOOO0O0OO0OO0OO0O0O000
uobooboouobooboooboooboooonDn ie0,i00,ie,i0,je,jo00O0O00O0OOOOODO
U00000000 %eveno0 00000 ¢5qq00 0000000O000DO teve O DOOODO 2,q¢0 0000
O jeen00000DO joqa OOO0OO0OO m1,n1 00000000 1000000000000000C00O
O0is,ie00000000C0O0O00O0COCOODOOOOOOOODOO4Ip.,ibn00000 2400000
gbboboboboooooo 240000

000000000000 uge +uyy =—20 Dirichlet OO0 0000000 6 +uyy, =000000
oboooO0oo34000000000000w=0000000000000000000000O 0.0560
0000000000000 e=107°000000 4000000 n0000000000000000
00000000 ny, =1000000000000 mrean 000 000OGcolumn 0 i000000000O0
OO00jrowd jOODODOOOODODOOOODOODIOOOOOOO jOO0O0OODOODODOODOCO ADIOO
ooboooooooobooobooooooboobooo iocojoobooobD 400000000000
oooboooobooobooooooioboooooboobjoboocobo0oboooboooooooooobon

Chebyshev SLOROO OO 33(b) 0000000 9000000000 DOODOOOOOOOOOOOO
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Dirichlet Dirichlet
1 u=1 1 u=1—-zx
periodic
g ™ e d)=u(e0)+1 o
Dirichlet Dirichlet Dirichlet wy (,1) = uy (,0) Neumann
u=1y U=y u=1y v\ Y\ Uy = —
Dirichlet Dirichlet
-0 u =0 y=0 U= —
Y =r'=0 1 =-1 0 1
(a) Dirichlet O O (byOoooooo

O 3.4: Chebyshev SLOROO0OO

0 3.2: Chebyshev SLOROOODOOODOO

Dirichlet O O ooooooo
B8 i-column i-column j-row ADI
0.75 391 41x107°  diverge 260 (104)
0.80 24 99 100 306 (152)
1.00 157 426 430 536 (464)
1.25 313 853 856 926 (888)
1.50 470 4x107°% 4x107° 5x107°(5x107°)

000000000 (O0O9Y00000000000000 mod (4,3)0 0000100020000
goooooobobOooooobOoooooobobDbObObOO0OOoDObO Y000 O000O0D0O0O0O0zyO
OO0 Chebyshev SLOROODOOOOOO 000000000 ODDOCOOO DO Chebyshey SLOR OO
Chebyshev SOROOOO0O0OO00O000000000¢«+j000000000000000CCOOOO
gooooooboooooooo
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3.3 Uooon

0000 (multigridOMG) 00 0000000000000 0OO0O0O0O0O0O0OOOO0OOOOOOOOO
obooobobobbooOoooooooobobobooobooooooboooOooboboboooobooobooboobooon
ooooooooo ADO0O00000O0O00O0OO0O0DDOOO 2h,4A,...000000000000
oooooooboooboooobooooobooOoooooooooobooobbooooboooboooooooo
oobObO0ooobooooooboooooooooboobooboooobooobooobooooobooboooon
000000000 A00000000000000 (restriction) 0000000000 OOOOOOO
000000000000 O0000 (prolongation) 0000000000 OOOOOOOOOOOOOO
000000 00D0ooDODO0o0O0ODOObO0O000000D GawssOOOODODOOOOOOODOOO
oooOoDoOoOCOoDOO000bOO000O00O000GaussO0doooobboOOODbODOOOOoOoOoOoOOO
dboooooooooooogooooa

3.3.1 UJU00obOoooogoobooon

000 Poisson OO0 ugetuy, =—20000000000000000000 A000000000
gbbooobooo

Wint g Uit Ui -1 Ui g1 —duy = =207
00o00oooooo
Pij = Wim1,j Ui g i1 U1 — dug+2h°

00000000w;=000000000000000000000000 r; =2200000000
00 H=2r000000000000000 ry =2H?2=8p2000000000000000000
000000000000 000D00000 Az=h, Ay=h/A000000000000000000

u,-_lvj—2ui]- +Ui+1,j+)\2 (um-_l —2uij+ui,j+1) = 242 (32)
goooood
rip = i1,y = 2u Ui g+ A (U1 — 205+ g1 ) + 207 (3.3)

00000000000000000 AhOOD0O00 »;000 HOODOODOO ry; 000000000
00000

00000000000000000000000000000000000000000000000
0000000000000000000000000000 AhODO0 HOOOOOOOOO0000000
000 35(x)0000000000000rR0000000 «00HO000000 000000 AODOD
000000 0HO000000 JOOOOO000000000000000000000000000
O0ry; 0000 ry00r41,;0 2000 70 rryas 007400 4000 1o, Frga g, Fra1,0e1, T1o41
0000000000000000000 ry 000 e0000000000007;,...0000000
000070 00000000000000000000000 (restriction) 0000000000000
oooo

1 1
i = it g (Ficy Fricn i) g (Mg Ao b Tien e Tignge) (3.4)
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St ? > O—D—
+
J+1
’i é =t
T L
ji—1
i—2
J—1

O——O

I' I+1 a—/\2
(a) (b)
035 00000oooog

~.
|

0(33)00000000000000000000000000O00UO0O0O0UD (b)oOoooooo
00000000000000 (a)00000D000O0O0DOU0O00OD0O0O0OO0ODO0OOUOO0OOOOOO
o0o00ooo000 FOoOoooooooooooooooboooD AhO0000DOOOOOOODOOO0
0000000000000 0HOO0O0O0OO0OO0O0ODOOOO0O00OO0DOOoODoOOO O (33)000
0000 HOODDODODOOOOOOO?20

T =ur1g—2up+urer g+ A (ur g1 —2uptur )+ 2H? (3.5)

oooo0O0O000000000000000 «00000 w;00000 u;;+d; 000000 d;;00
bobobOooooboooobboboboOooboooboooooo

0 = (ui-1j+di-1;)=2(uij+dij)+ (Wir1,j+dit15)
AN {(wij—1+dijr1) —2(uwij+dij) + (wi jp1 +di 1)} +2R°

oooooooo (3.3)0000ooo A000000d,; 000000000000
di—1,;—2dij+diy1,j+ N (di jo1 —2di;+d; jp1)+2h% = —1y5 (3.6)

00000000000 000 HODODOODOOdpy OOOODOOODOOOOg
di1,5—2diy+dri1, 5+ N (dg g1 —2dgy +dp g 1) +20% = —rpy (3.7)

oooooooooooboooooobD HOOOwyOOOOdyOOOOODODOODOODODODO AO
O00004d;; 00000000 LagrangeOOOOOD0OOOOOO

di; = dgg, dij = (—d; j—3+9d; j_1+9d; j+1—d; j+3)/16,
dis = (3d;1 +6d;3—d;i5)/8

(3.8)

0000000000000
iml,j = 2ij F Ui | Uijol T 20 U
Az? Ay?
o Wim1y T2 Uiy a1 20
Ag? Ay?

ooo0ooOoooooOooOooOO0o0bOoOoO0oO0OOOOoOOO0ObOOO0O00OO

-2

7'1]
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0000000 HOODOODOOOOOODOOOOODO AO0D0OO0O0O0ODOO0OO0O0O00OO0OO (prolongation)
gbooooboooboooobooooooooobooooobooooooboooobOobooboOoooDo
oboocoOoooboooooboobooboooooboboooooooboboooobooooboooobooon
oboobooooobooboobooboooooooooooboon
gbobobboooobooooooobbboooooobooooobOooooon

Lu)=f (3.9)

Lh(uh) = " (3.10)

00000000000000000ARO00000D00000000000000 »0000 w*™0O0
0000 (31000000

ph(n) = LRy — ph (3.11)

00000 0(3.10)000000000000«"™O00000 00000000 Lh(uh™4dh) = frO
[hOOO00D0000000000000 (3.11)00000000000000¢"000000000000

L*(d") = —rh™ (3.12)
0000000 H=2p0000000000 (3.12)0000000000000O00000

LH(@H)y = —H (3.13)

ri = iyt (3.14)

IF0DD00000 (restriction operator) 100000000000 (3.13)0 HOODDOO d? DO
000000df00000000000000000000dA DD RODOOOO0 00000000
ooooooon

d" = Id? (3.15)

000 It000D00000 (prolongation operator) 0 000000000 0w00 n+10000

u ) = () g (3.16)
goooooo czhl:lDhDDDDDDDDDDDDDDDDQh,4h,...DDDDDDDDDDDDDDD
Joodooooooooooooooo

goboboobobooobobooooboooooubobboboobob bbb boooobo
oo oo oobobbboooobobobob0ooo0oUUUoUog
0ooodooobbooooobooobbboboUoob 360000 1000000 DOUDObOOOOg
goooooooon
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mesh 1 e R e Q e O  determine residual
mesh 2 T / T / j/ T ®/ l restriction
i / i / l / X determine correction
mesh 3 X X /" prolongation
mesh 4 >l</ >l</ e apply correction
(a) MGM1 (b) MGM2

0360000000000

3.3.2 PoissonO0O0 00 Dirichlet O OO OOO0OOOOOO0OO

O00000000D0000D0000000000D0 Poisson 0000 Dirichlet 00O

Uga + Uyy = —20 0<r<2, 0<y<12) (3.17a)
w(0, y) =u(2, y) = u(z, 0) = u(x, 1.2) =0 (3.17b)

o0o00o0ODO0000o0b0oOoO0obOboDOobDOO0b0O0O00gDO0OOdn mesh 1, mesh 2, mesh 3, mesh
4000000000mesh 100000 A=0.0500000000000000000000O00C0O0O0O
gogoobobobobooobooboboobooooooobbooog

mesh 10 (41x25) Ri=r!, Di=d'

mesh 20 (21x13) R2=7r? D2=d?

mesh 30 (11x7) R3=1r%, D3=d

mesh 40 (6x4) R4=r* Da=d*
00 a0 b00000d*0 GaussOOOOOOODOOODOD 1000000000000000000
0000000000000 0000000000000O0D0U000000O000O0O0OO0 MeM1OO 3.6(a)
00000000000 000 MeM20 ()OO UOOO0OOOOOOOOUOOOUOOOOO

program MAIN

REAL u(0:40,0:24),£(0:40,0:24)

DATA u/1025%0./ £/1025%-20./ !predictor+bound values, rhs

DATA il,j1,h/40, 24, .05/ naf,e/100, 1.E-5/

OPEN (20,FILE=’0UTPUT.dat’)

CALL MGM2(u,f,il,jl,h,na,naf,rmean,e) 'call MGM1 or MGM2

WRITE(20,’ (I5, F6.3)’) (u(i,j),i=0,il)na,rmean loutput na,rmean

DO j=j1,0,-1
WRITE(20,’ (41F6.3)’) (u(i,j),i=0,i1) loutput u

ENDDO

CLOSE (20)

STOP

END

Pxkkxkkxkkx Subroutine MGM1

SUBROUTINE MGM1(u,f,il,jl,h,na,naf,rmean,e)

REAL u(0:i1,0:j1),£(0:11,0:j1),a(24,-4:4),b(24), &
r1(0:40,0:24),r2(0:20,0:12),r3(0:10,0:6) ,r4(0:5,0:3), &
d1(0:40,0:24),d42(0:20,0:12),d3(0:10,0:6) ,d4(0:5,0:3)

i2=i1/2; i3=i2/2; i4=i3/2

j2=j1/2; j3=32/2; j4=j3/2

kf=(i4+1)*(j4+1); 1f=j4+1

na=0; 100 na=na+l

n =5; 101 n=n-1

! Determine residuals and restrictions
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FORALL(i=1:i1-1,j=1:j1-1)r1(i,j) = &
u(i-1,j)+u(i+1,j)+u(i,j-1)+u(di, j+1)-4.*u(i, j)-hxh*£f(i,j) !'comp ri
IF(n==1)GOTD 11

CALL RESTRC(ri,il,j1,r2,i2,j2); IF(n==2)GOTD 12 'restriction(rl — r2)
CALL RESTRC(r2,i2,j2,r3,i3,j3); IF (n==3)GOTO 13 'restriction(r2 - r3)
CALL RESTRC(r3,i3,j3,r4,i4,j4); IF (n==4)GOTO 14 'restriction(r3 — r4)
! Determin corrections by point relaxation

11 FORALL(i=1:i1-1,j=1:j1-1)d1(i,j)=r1(i,j)/4.; GOTO 21 !comp di

12 FORALL(i=1:i2-1,j=1:j2-1)d2(i,j)=r2(i,j)/4.; GOTO 22 !comp d2

13 FORALL(i=1:i3-1,j=1:j3-1)d3(i,j)=r3(i,j)/4.; GOTO 23 !comp d3

! Determine corrections by Gaussian elimination

14 DO i=0,i4; DO j=0,j4; k=i*1lf+j+1 !comp d4

FORALL (1=-1f:1f)a(k,1)=0.; a(k,0)=1.
IF(i>0.AND.i<il.AND. j>0.AND. j<j1) THEN
a(k,-1f)=1.; a(k,-1)=1.; a(k,0)=-4.; a(k,1)=1.; a(k,1f)=1.
ENDIF
b(k)=-r4(i,j)
ENDDO; ENDDO
CALL GAUSSB(a,b,kf,-1f,1f,det)
FORALL(i=0:i4,3j=0:j4)d4(i,j) = b(ixlf+j+1)
! Prolongations and apply corrections

CALL PROLON(d4,i4,j4,d3,i3,3j3) Iprolongation(d4 — d3)
23 CALL PROLON(d3,i3,3j3,d2,i2,j2) !prolongation(d3 - d2)
22 CALL PROLON(d2,i2,j2,d1,il,j1) Iprolongation(d2 — d1)
21 FORALL(i=1:i1-1,j=1:j1-1)u(i,j)=u(i,j)+d1(i,]) lapply d1
! Decide convergence by mean residual
rmean=0.
DO i=1,i1-1; DO j=1,ji1-1

rmean = rmean+ABS(r1(i,j)) !comp mean residual

ENDDO; ENDDO
rmean = rmean/FLOAT(il*j1)

IF (n>1) GOTO 101
IF (rmean>e.AND.na<naf) GOTO 100 !decide convergence
END

!xxx%* Subroutine RESTRC

SUBROUTINE RESTRC(ril,il,j1,r2,i2,j2)

REAL r1(0:i1,0:j1),r2(0:12,0:32)

DO ii=1,i2-1; i=2#ii; DO jj=1,j2-1; j=2%jj
r2(ii,jj) = ri(i,j)+(r1(i-1,j)+r1(i+1,j)+r1(i,j-1)+r1(i,j+1))/2. &

+(r1(i-1,j+1)+r1(i+1,j-1)+r1(i-1,j-1)+r1(i+1,j+1)) /4.

ENDDO; ENDDO

END

!xxx%* Subroutine PROLON

SUBROUTINE PROLON(d2,i2,j2,d1,i1,j1)

REAL d2(0:i2,0:j2),d1(0:11,0:3j1)

FORALL (i=1:i2-1,j=1:j2-1)d1(2*1,2%j)=d2(4, j)

DO ii=1,i2-1; i=2%ii
d1(i,1)=(3.*d1(i,0)+6.%d1(i,2)-d1(i,4))/8.
FORALL(j=3:j1-3:2)d1(i,j)=(-d1(i,j-3)+9.*d1(i,j-1)+9.%d1(i,j+1)-d1(i,j+3))/16.
d1(i,j1-1)=(-d1(i,j1-4)+6.%d1(i,j1-2)+3.%d1(i,j1))/8.

ENDDO

DO j=1,j1-1
d1(1,3)=(3.%d1(0,j)+6.%d1(2,j)-d1(4,j))/8.
FORALL (i=3:i1-3:2)d1(i,j)=(-d1(i-3,3j)+9.*d1(i-1,j)+9.*d1(i+1,j)-d1(i+3,j))/16.
d1(i1-1,j)=(-d1(i1-4,j)+6.%d1(i1-2,j)+3.%d1(i1,j))/8.

ENDDO

END
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!xxx** Subroutine GAUSSB

SUBROUTINE GAUSSB(a,b,n,ml,m2,det)

DIMENSION a(n,ml:m2),b(n)

det=1.

cycle_1: DO k=1,n
det=a(k,0)*det
b(k)=b(k)/a(k,0); IF(k==n)CYCLE cycle_1
j2=MINO(m2,n-k)

FORALL(j=1:j2)a(k,j)=a(k,j)/a(k,0)

i2=MINO(n,k-ml1)

DO i=k+1,i2; jO=k-i
b(i)=b(i)-a(i,jO)*b(k)
DO jk=1,j2; j=jk+k-i

a(i,j)=a(i,j)-a(i,jo)*a(k,jk)

ENDDO

ENDDO

ENDDO cycle_1

DO i=n-1,1,-1; j2=MINO(m2,n-i)

DO j=1,j2; k=i+j
b(i)=b(i)-a(i,j)*b(k)
ENDDO

ENDDO

END

Dkxkkkkkkx* Subroutine MGM2

SUBROUTINE MGM2(u,f,il,jl,h,na,naf,rmean,e)

REAL u(0:i1,0:J1),£(0:11,0:j1),a(24,-4:4),b(24), &
r1(0:40,0:24),r2(0:20,0:12),r3(0:10,0:6) ,r4(0:5,0:3), &
d1(0:40,0:24),d42(0:20,0:12),d3(0:10,0:6) ,d4(0:5,0:3)

i2=i1/2; i3=i2/2; i4=i3/2

j2=j1/2; j3=j2/2; j4=3j3/2

kf=(i4+1)*(j4+1); 1f=jd+1

na=0; 100 na=na+l

! Determine residuals and restrictions

FORALL(i=1:i1-1,j=1:j1-1)r1(i,j) = &

u(i-1,j)+u(i+1,j+u(i,j-1)+u(di, j+1)-4.*u(i,j) -h*h*£f (1, j)

CALL RESTRC(r1,il1,j1,r2,i2,j2)

CALL RESTRC(r2,i2,j2,r3,i3,j3)

CALL RESTRC(r3,i3,j3,r4,i4,j4)

! Determine corrections by Gaussian elimination

DO i=0,i4; DO j=0,j4; k=ix1f+j+1
FORALL (1=-1f:1f)a(k,1)=0.; a(k,0)=1.
IF(i>0.AND.i<il.AND.j>0.AND. j<j1) THEN

a(k,-1f)=1.; a(k,-1)=1.; a(k,0)=-4.; a(k,1)=1.; a(k,1f)=1.
ENDIF
b(k)=-r4(i,j)

ENDDO; ENDDO

CALL GAUSSB(a,b,kf,-1f,1f,det)

FORALL (1i=0:1i4, j=0:j4)d4(i,j) = b(i*1lf+j+1)

! Prolongation, corect corrections by point relaxation

CALL PRORLX(d4,i4,j4,d3,i3,j3,r3) 'prolongation(d4 - d3),d3
CALL PRORLX(d3,i3,j3,d2,i2,j2,r2) !prolongation(d3 - d2),d2
CALL PRORLX(d2,i2,j2,d1,i1,j1,rl) !prolongation(d2 - di),d1
FORALL(i=1:i1-1,j=1:j1-1Du(di,j)=u(d,j)+d1(4,j) lapply di

! Decide convergence

rmean=0.

DO i=1,i1-1; DO j=1,ji1-1
rmean = rmean+ABS(rl1(i,j))
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ENDDO; ENDDO

rmean = rmean/FLOAT(il*j1)

IF (rmean>e.AND.na<naf) GOTO 100
END

!x**%x* Subroutine PRORLX

SUBROUTINE PRORLX(d2,i2,j2,d1,il1,j1,rl)

REAL d2(0:i2,0:32),d1(0:i1,0:§1),r1(0:11,0:31)

[DO000000000 PROLONODOOOOOODOOOD 11000000]

FORALL(i=1:i1-1,j=1:j1-1) &
r1(i,j)=r1(i,j)+d1(i-1,j)+d1(i+1,§)+d1(i,j-1)+d1(i, j+1)-4.*d1(i, )

FORALL (i=1:i1-1,j=1:1-1)d1(i,j)=d1(i, j)+r1(i,j) /4.

END

0000000000000000 MeML, MGM2O0O0O0O000 CALLOODODOD0O0O000D0000000
MGMIO OO 3.6(2) 0 00000000000000000000000000000000000000
000000000000 000000000000MGMO0000000000 /1000000000
0000 2,3, »*0000000000000000d4,d%,200000000000000000 4
0000«wO0000000000 f10000d 000w0000000r00000000000O0O
0000000 () 000000000000000000000.,0000000000000000
000000000000 rmean <e000000000000000000 ne=n, 00000000

goboboooooobbooobobooooooooboobooa

START Y
Ng =Nq+1 Convergent ?
Ne =0 n=>5 Or Ng = Nay !
L |

Yes |

n>17

Yes

(s10P)

Compute d*
O 3.7:-MGM1OOD0OOOOCO0O

Apply d*

Prolongation

Compute d*
gation

gooboo weM20000000 MeM1OOODOOOOOOOOOOOOOOOO0OOOMGMIO0O00
mesh 400000000 d* 000000000000 mesh 10000 d*0000000MGM20000
000000 mesh30000¢0000000000000000DOO0O0OOODODO 0000000

goooooooo

rij = rijtdic1j+dip1 j+dijo1+di g —4di;
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000000000000000000 00000 «000000000000000 200000
vw+d*0000000000000000 PRORLXOO OO0 PROLONDO OO DOOODOOOO ¢*00O a3
000000 LA0000000000000000 0000000000 r;/40000000000
0000 @000000000000000 mesh20 mesh10000000000000MGM2000
ooooOoboooooobobooboooobooooooboooooobooooooooooooooooon
oooooo

gbobooooboboooo vMeMiO MeoM2OOOOOOO0OOO0O0O000O0 n, =800000000
O00oO0oO0OoOOo0OO0O0oOoOooOoOooOMeM20 CPUOOO MGMIOOODODO 1/20000

MGM1 MGM2
On, 0O Ormean O ms 0O Ormean O ms O
1 0.009063 20 O 0.009046 8 O
2 0.002929 39 O 0.002901 17 O
3 0.000608 57 O 0.000602 26 O
4 0.000251 75 O 0.000248 34 O
5 0.000068 93 O 0.000068 41 O
6 0.000032 111 O 0.000031 49 0O
7 0.000013 128 O 0.000014 57 O
8 0.000007 145 0O 0.000007 65 O

333 0U00O2000000000000000DOOOOO

0(39)0200002000000000000000000000000
L(u) = age+bugy+cuyy+d =10 (3.18)

000 a,b,¢,d0000 z,y, u, up, u, 0000000000000000a,b,¢,d000«h000 O
00000000000000000000000000000 a,b,¢,d000 «"000000000
0000000000 00000C0000000000000000C00000000000000000
0000000000000

0(3.18)000000000000

Cojttij FCijui 1,5+ Ui+ CGUi -1 +Cii
-1 Ui 1 ot it i = i (3.19)
000000000000 &+c+c+cd+cf; =00 +c+c+¢;, =00000000000000

0000000000000 000000000000 f,;00000000 A O0000000000O
0ooooooooo (319 ooooooooo (3.11)o

rij - z] 5])_'_01] Sn)1]+czj £+)1]+C U’E]) 1+CZJ ST;)—H
'™ '™

+CZJ gn)l J— 1+CZJ i+1,5— 1+cz] i—1 ]+1+CZJ z+1 J+1 fl] (320)
000ooooooo (3.12)0
c?jdij-l-c}jdi 1,J+c dz+17]+c id; - 1+cl]d i1
+efidi1 i1+ cdipy o edio1 i+ din i = —7“5?) (3.21)

lDpo0D0D00D000000000000000000000 2000000000000 20000000001 000000
oooooooOooOO0O0 100000000000000000
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0000000000000000000 (34)00000000000000000000000000
0000000000000000000000000 ¢00 (3.18)020000000 ¢ ~¢, &~
At A4E+220, Frndr -~ —0000000002000000000000000000
0000000000000 diyj, die1, dieaj, dic ;-1 00 0000000000000

G F(Cir e+ T ) 2+ (€ HE T o1 G 1) 4 R /2
C?—l,j/2+cz1j+(cz$—1,j+1 +C?—1,j+1)/4+(0z§,j+1 +Cz,j—1)/2 ~ C?—l,j/4+czlj/27
c}—l,j/2+(c?—l,j+l +CZ—1,]'—1)/4 R 05—1,3'/2:

Ay /At (et ely ;)24 ~ e

di—zj10 di»; »00000000 ¢}y, /4+c,,;/20c,,,/4000000000000000

0000000000000000000 ¢ 00000000000000000000000000
i1y~ ediy i1 /2+(idioaj2+cdij) /4,

¢y jdia g1 R (6] jdimz o + ¢y jdisj)/2
O0o0ooooooooooooooono

0 0 0 0 0
(cio1,jdi-1,j+¢iq jdiojtcig jdi1jtc g jdio15)/4~cpyd,

1 1 1 o1
Ci717jdi—27j/2+(Ciijfldi—?,j—l +Ci717j+1di—27j+1)/4 ~ Cifl,jdl—lv-]’

(C?j+0?—1,j+0?,j—1 +C?—1,j—1)di72,j72 R c?—l,j—ldI*LJ*l
O0obDooooooooooodobobooooooooooooon

iditci_y jdr1 g+ jdiig+¢_ydr g+l draa
ey i g+ jadiing el dn ot jadiegn
+(C?jdij+clljdi_17j +C?jdi+17j+0?jdi7j_1 +c?jdi7j+1
Hediot o1+ divn g1 Hefdiog g+ CGdin i) [2 = —T1
000000000 o0AO0DODDOOOOODOODOOD (3.21)00 —r,; 0000000000 OODOOOO

ooo00d -y O 1/800000000000000000000O0OO0OOOOOOOODOOOOOOO
ooooog

iy j(drmyg—di)+ciy j(diyng—d)+¢ ;o (dr g —d)+¢ o (dr g —di) (3.22)
+ei_y jor(di—1,g-1—dy) + ¢ty jo1 (dra,g-1 —di)

7 3
iy (Ao —du)+eiy i (disn—dy) = —ry

0000000000000 (3.18)0 200000000 1000000 (3.19)(3.21)00 {¢;(uir1,j~uij)}/h
D000D0000000000000000 {¢,,(urmys—uy)}/H0000000000000000
00000000000000000000000000000000 (38000000000
00000000000 (319 00000000000000000000000000000000
00000000000 Dirichlet 00000000 Neumann 0000000000000000000
2000000000000000000000000000000000000000000000000
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o0ooooooooooooooo (3.18)00 , 0000000000 dO00O00O00O00O000O0
00000000 (3.1990000 ¢, ¢, e?, e, 0000000000 100000000000000
000000000000Neumann 00 (u.);;; =¢; 00 (3.199 0000000000000

1 2 . X 3 L. 4 . oy o — f. . 2 i
(Cz‘fj‘f‘cz‘fj)uuflu 65, jUip -1 Cip jUip i1+ Cip jUip j = fip j — 2hei, 9,

obooooooooo0ooOooooobooo f;,;0 —2hc?fjngDDDDDDDDDDDDDDDDD
gdodooboooooooooooboooooon T'if+17j,1 :’I"if’jfl, ’I"if+17j:’l°ifj, ’I"if+1’j+1 :rif’j+1
goooao

I = 1.5T‘ifj+(’f‘if_1,j+1.5’r‘if7]’_1+1.57‘if7j+1)/2+(T‘if_17j_1 +T‘if_17j+1)/4

booooooooobooboboobooboooooooboooobbooooboooobobooooooon
obooooobooobon

ooboboOooooooobooooovweM20000000000O00O0O0Oc,f00000000O0
A, c,...000 fO0000a000000000000 GaussO0OOODOOO0O0ODOO0OO0OO0OODOOOO
0000 GaussOODOOOOOO0 100000000 1.300000000000 caussOOOO0O0OO
O0waO0OOOO0OODOOOOOOOOOOCOMGM20000000000 PRORLXOOOOODOOOOO
OO0O00O0D0OD PROLOND Gauss OO OO DOOODOOOODOOOOODOO

D ok sk ok o o ok ok ook o o ok ok Kok ok ok o ok KoK K ok ok Kok ok ok ok ok ok ok ok ok ok o o ok Kok o o ok KoK o ok KoK ok ok Kok ok ok ok ok o ok ok ok o ok ok ok ok ok KK

! Sol of mixed bound value problem of elliptic pde in rectangul domain by MGM

D ok sk ok o o ok ok ook o o ok ok Kok ok ok o ok KoK K ok ok Kok ok ok ok ok ok ok ok ok ok o o ok Kok o o ok KoK o ok KoK ok ok Kok ok ok ok ok o ok ok ok o ok ok ok ok ok KK

SUBROUTINE MGM3(u,c,f,il,jl,phi,h,na,naf,rmean,e)

REAL u(0:i1,0:j1),c(0:11,0:j1,0:4),£(0:11,0:j1),a(24,25) ,wa(25), &
r1(0:40,0:24),r2(0:20,0:12),r3(0:10,0:6) ,r4(0:5,0:3), &
d1(0:40,0:24),d42(0:20,0:12),d3(0:10,0:6) ,d4(0:5,0:3)

i2=i1/2; i3=i2/2; i4=i3/2

j2=j1/2; j3=j2/2; j4=3j3/2

n=(i4+1)*(j4+1); nl=n+1

na=0; 100 na=na+l

! Determine residuals rl and restrictions

DO i=1,il; ipl=i+1; IF(i==il)ipl=i-1 !Neumann cond
D0 j=0,j1; jml=j-1; IF(j==0)jmi=ji-1 !periodic cond
jpl=j+1; IF(j==j1)jpl=1 !periodic cond

ri(i,j) = c(i,j,D*u(i-1,j)+c(i,j,2)*u(ipl,j) & !comp residuals ril

+c(i,j,3)*u(i,jml)+c(i,j,4)*u(i,jpl) &
+c(i,j,0)*u(i,j)-£(i,j)
ENDDO; ENDDO

CALL RESTRC(r1,il,j1,r2,i2,j2)
CALL RESTRC(r2,i2,j2,r3,i3,j3)
CALL RESTRC(r3,i3,j3,r4,i4,j4)

'restriction(rl - r2)
'restriction(r2 - r3)
'restriction(r3 - r4)

! Determine corrections d4 by Gaussian elimination

1=j4+1

DO i=0,i4; i0=8x%1i
cycle_1: DO j=0,J4; jO=8%j; k=ix1l+j+1
FORALL (m=1:n)a(k,m)=0.; a(k,k)=1.; a(k,nl)=-r4(i,j) !setup rhs
IF(i==0)CYCLE cycle_1 'Dirichlet cond

kml=k-1; kpl=k+l; im4=i0-4; ip4=i0+4
kmil=k-1; kpl=k+1l; jmé4=j0-4; jp4=jO0+4
IF (i==1i4) THEN; kpl=k-1; ip4=il; ENDIF !'Neumann cond
IF(j==0 )THEN; kml=k+1-2; jm4=j1-4; ENDIF !periodic cond
IF(j==j4)THEN; kpl=k-1+2; jp4=4; ENDIF !periodic cond



20 ool O ooooobo oooo

a(k,kml) = c(im4,jO,1) !setup coef matrix
a(k,km1) = c(i0,jm4,3)
a(k,k ) =-c(im4,j0,1)-c(ip4,j0,2)-c(i0, jm4,3)-c(i0, jp4,4)
a(k,kpl) = c(i0,jp4,4)
a(k,kpl) = c(ip4,j0,2)+a(k,kpl)
ENDDO cycle_1; ENDDO
CALL GAUSS(a,wa,n,nl,det,1.E-5) !solve linear equations
FORALL (i=0:1i4,j=0:j4)d4(i,j) = a(i*1l+j+1,nl) !determine d4
! Prolongation, determine residuals and corrections by point relaxation
CALL PROLON(d4,i4,j4,d3,i3,j3) !prolongation(d4 - d3)

DO i=1,i3; i0=4*i; DO j=0,j3; jO=4x%j
iml=i-1; ipl=i+1; jml=j-1; jpl=j+1
im2=1i0-2; ip2=i0+2; jm2=j0-2; jp2=j0+2

IF(i==i3)THEN; ip1=i3-1; ip2=il; ENDIF !'Neumann cond
IF(j== O)THEN; jml=j3-1; jm2=j1-2; ENDIF !periodic cond
IF(j==j3)THEN; jpl=1; jp2=2; ENDIF !periodic cond
r3(i,j) = r3(i,j)+c(im2,j0,1)*(d3(iml,j)-d3(i,j)) & !determine r3

+c(ip2,j0,2)*(d3(ipl,j)-d3(i,j)) &
+c(i0, jm2,3) *(d3(i, jm1)-d3(i,j)) &
+c(i0, jp2,4)*(d3(i,jp1)-d3(i,j))

c0 = -c(im2,j0,1)-c(ip2,j0,2)-c(i0,jm2,3)-c(i0, jp2,4)

r3(i,j) = -r3(i,j)/c0 'd3 by point relaxation
ENDDO; ENDDO
FORALL(i=1:i3,3j=0:3j3)d3(i,j)=d3(i,j)+r3(1i,j) !determine d3
CALL PROLON(d3,i3,33,d2,i2,j2) Iprolongation(d3 — d2)

DO i=1,i2; i0=2%i; DO j=0,j2; jO=2%j
iml=i-1; ipl=i+1; im0=i0-1; ip0=i0+1
jmi=j-1; jpl=j+1; jm0=jO-1; jp0=jO+1

IF(i==i2) THEN; ipl=i2-1; ip0O=il; ENDIF !Neumann cond
IF(j==0 )THEN; jml=j2-1; jmO=j1-1; ENDIF !periodic cond
IF(j==j2)THEN; jpl=1; jp0=1; ENDIF !periodic cond
r2(i,j) = r2(i,j)+c(im0, jO,1)*(d2(iml,j)-d2(i,j)) & !determine r2

+c(ip0,j0,2)*(d2(ipl,j)-d2(i,j)) &
+c(i0, jm0,3)*(d2(i, jm1)-d2(i,j)) &
+c(i0, jp0,4) *(d2(i, jp1)-d2(i,j))

c0 = -c(im0,j0,1)-c(ip0,j0,2)-c(jO,jm0,3)-c(i0, jp0,4)

r2(i,j) = -r2(i,j)/c0 'd2 by point relaxation
ENDDO; ENDDO
FORALL(i=1:i2,j=0:j2)d2(i,j)=d2(i,j)+r2(1i,j) !determine d2
CALL PROLON(d2,i2,j2,d1,i1,j1) tprolongation(d2 - d1)

DO i=1,i1; DO j=0,j1
iml=i-1; ipl=i+1;jml=j-1; jpl=j+1;

IF(i==i1)ipl=i-1 !Neumann cond
IF(j==j1) jpil=1 !periodic cond
IF(j==0 )jml=j1-1 !periodic cond
r1(i,j) = r1(i,j)+c(i,j,0)*d1(4,j) & !determine ril

+c(i,j,1)*d1(iml,j)+c(i,j,2)*d1(ipl,j) &
+c(i,j,3)*d1(i,jml)+c(i,],4)*d1(i,jpl)
ENDDO; ENDDO

FORALL (i=1:i1,3j=0:j1)d1(i,j) = d1(i,j)-r1(i,j)/c(i,j,0) !determine d1
! Apply correctioms
DO i=1,il

FORALL (j=0:j1)u(i,j)=u(i,j)+d1(i,j) lapply di

um=u(i,0)+u(i,j1); u(i,0)=(um-phi)/2.; u(i,jl)=(um+phi)/2. !periodic cond
ENDDO
! Decide convergence
rmean=0.
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DO i=1,i1; DO j=0,j1

rmean = rmean+ABS(r1(i,j))/(ilxj1) !comp mean residual
ENDDO; ENDDO
WRITE(20,’ (I3,F12.6)’)na,rmean 'output converging process
IF (rmean>e.AND.na<naf) GOTO 100 !decide convergence
END

P#x**x Subroutine RESTRC
SUBROUTINE RESTRC(r1,il1,j1,r2,i2,j2)
REAL r1(0:i1,0:j1),r2(0:12,0:j2)
DO jj=0,32; j=2*jj; jml=j-1; jpl=j+1
IF(j==0) jmi=j1-1; IF(j==j1)jpl=1 !periodic cond
DO ii=1,i2-1; i=2%ii
r2(ii,jj)=ri(i,j)+(r1(i-1,j)+r1(i+1,j)+ri(i,jm1)+rl(i, jpl))/2. &
+(r1(i-1,jm1) +r1(i+1, jp1) +r1(i+1, jmi)+r1(i-1, jp1)) /4.
ENDDO
r2(i2,jj)=1.5*r1(i1,j)+(r1(i1-1,j)+1.5%r1(il, jml) & !Neumann cond
+1.5%r1(il, jp1))/2.+(r1(i1-1,jml)+r1(i1-1,jp1))/4.
ENDDO
END

0000000000000 ! Determine corrections d4 by Gaussian elimination 00 00 00 agkp =
cfp47j+ak,kplDDDDEIDDD arkp 00000000000 ak,n =0, (m=1,...)000000000
000oooooooooo0ddNeumann O OO OO0 000000000000 O0OOOOOOOOOO
od ahkml:c}m&jDDDDDDDDDDDD!ApplycorretionsDDDDDDDDDDDDDDDDDD
00o0d0Doo0DoO0U0oU0oOoOooDoOU0U000OoO0OODODUOD00O0DO0ODOoOooDOoDoOoOoDoOO
00000 pPROLONODOOODOOOOOODODOO

0000D00do0dOo MeM30 000000000 oooooo »rA0000 PoissondOOOOOOO

ooo

ur,,—l—%ur—l—r%u@g =1.0 (I1<r<3, 0<6<7/4) (3.23a)
u(1, §) = 104+¢ 60/ (n/4), u.(3, 0) = —0.5, (3.23b)
U(T‘, 7T/4) = ’U,(T', 0)+¢7 Ug (T‘, 71'/4) = Uy (T‘, 0)

oooo0o00O0000D ¢o=-—-10000000 0004000060000 240000000000
0 (3.23)00000000000000O0000ODO0 1000000000000 0O0O00O0O0OO0O0O0

(I=gij)wi, i+ (14 gij uipr, j+hijui, o1 +hijui, jor —2(1+hi)ui; = Ar? (3.24)

000 gi; = (Ar)/2rij, hij = (Arfri; AG)2, Ar = 1/20, Af = n/4/2400000000000000
1+¢,; 000 D00D000000000000000O0000000000000D000000000
00000000000000000000000000

program MAIN

REAL u(0:40,0:24),c(0:40,0:24,0:4),£(0:40,0:24)

DATA il,jl,grad,phi,naf,e/40,24,-.5,-1.,100,1.E-5/

dr=2./FLOAT(il1); dt=3.14159/4./FLUAT(j1)

DO I=1,I1; DO J=0,J1
r=1.+dr*i; g=dr/2./r; h=dr*dr/(r*dt*r*dt)
c(i,j,1)=1.—g; C(i,j,2)=1.+g; c(i,j,3)=h; c(i,j,4)=h; c(i,j,0)=—2.*(1.+h)
£(i,j)=1.*dr*dr

ENDDO; ENDDO
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FORALL(i=1:i1)f(i, 0)=f(i, 0)+c(i, 0,3)#*phi
FORALL(i=1:i1)f(i,j1)=£f(i,j1)-c(i,j1,4)*phi
D0 j=0,j1
u(0,3j)=10.+j/FLDOAT (j1) *phi
£(i1,j)=£f (i1, j)-grad*2*dr*c(il,j,2)
FORALL (i=1:i1)u(i,j)=u(0,j)

!periodic cond

'Dirichlet cond
!Neumann cond
!'starting values

ENDDO
OPEN(20,FILE=’0UTPUT.dat’)
CALL MGM3(u,c,f,il,jl,phi,h,na,naf,rmean,e)
DO j=j1,0,-1
WRITE(20,’ (41F8.3)’) (u(i,j),i=0,i1)
ENDDO
CLOSE(20)
STOP; END

OO0o00Db00b000w=00000000000000n,=640000000 DirichleeD0O0OO
000000000000 u(r,d) =10+¢6/(m/4H) 000000000000 n,=8000000

3.4 UO0O0O0OO0OOOOOOOOO0O

00000000000 000000000 (FEM, fintie element method) 000000000 O0OO
oOoo0ooOoOO0O0O00 0000 100000000 Oo0OOUO0ooooOOooOOoO0oOoOOoooOooOOO (o
00 ¢, 000 10000)0000000000000000000000000000O0O0OO0OoO
oboooooooooobooooobO FEMOODOOOOOOOOOOOOOOOOOOOODOOOO
ooooboobooooooboobooboboboobbOoooobobobObobObOOobOOoOooo oboboOoboOonOO
bboobooboboooooooooooobooboooobbobboobobOoooboboooobooono
obooooboboboboooobooobobooboooooooboooobooooooooooobooboboobooaon
gobooooboooooobooboobobobOOoobobObo0oooooOooooobobobOo0oooooogaon
goooooo

1
ro+= (e ek +rf)

] = N

+o(rf+rg+ri+rg)

diy = (di" +d3" +d3" +d3") /4
(" +d3") /2

dg

dy = di"

ooon
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ooooooobbooooooobooobobooboboboobOoooobooooooboobobooDbn
oooooooooooboo v;Ooooooooooooo

it = [, = /Q  NM@)N (@) da (3.25)
ooooooood
d} = [I3,d*"); = N7"(z;)d" (3.26)

00000000000000O0FEMOOOOOO0 0000 wi(rs, d;,...)00000000000
000z0 00000 u(z)=N;(z)w; D00 000000«00000000000000000000
0000000000000 0000000000000000000000000000000000
000000000000000000000000000 M;0000000000000000000
000000000 (3.20000000000AR000 ;0000000 4000000000000
2n0 n00000000000000000000 N2 (z)d*0000000000000000000
(3.25)0 N}z)r’DODODDOO0AODDOOOOD0O0D000000D000000002,000 rk
00000000000 N (z)000000000000000000000000000000000
0000000000000000000000000000000000000000 1000000
0000000000000000000000000000000000000000 (3250000
000000000000000000000

0000000000000 0000000OJameson(1979)0 00000000000 0O0O0O0ODOOO
000000030 00000000000000000000000000000000000000OO0
ooboobooooboobobobooboooboboooboooobooooboooboOoobooboobooooOog
0000000 (domain of dependence) 00 00000000000 O0O0O00OOOOOOOOOOOO
0000000000 (domain of influence) 00 0000000000000 O0OOOOOOOOOOOO
ooooboooOooboooooooooboooobooooooboooooboooobooboooooboobooooon
oboooobobooboooooobooooooooooooooooooboobooboooooooboo
booooboooobooobooboobooooobooooooobooboboooboobobooooobooono

uboobooobooooooo

Lo = adue + by = 0 (3.27)
0000000000000 0000 (full potential equation) 0 DAODDOOOOO
(a—A(Sf)(a—B(S;)Ad) =wa L (3.28)

00000ADIODDOOOO0ODODDDDOOO A=a/A2?, B=b/A?06,,6,0000000000
a~4min(4, B)Dw~150000000000000000MGMO0OOO 240000000000
uioboododobo egboobbooboboobbooboboboooboooooooooooooo
000000000o0ooo A<o000 (327 0000000000000 OOUUODOUOOOUOOO
ooooOoooooobooog

Jameson0 0000000000000 OOOOOOOO 327000000000 DOOOOO

/60¢t + ﬂl‘ﬁwt + /62¢yt = aqsww + b¢yy (329)

3Jameson, A., Acceleration of trnsonic potential flow calculations on arbitrary meshes by the Multiple grid method,
AIAA jth CFD Conf., (1979-7), 122-146.
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0000000000 0O0ODOOoOOoOoOooOooO9/ot=0000000 (327 00000000 (3.29)
O ADIOODOOOOO AODDOOOOOOOOOOOOOO

(S—A82)(S—B82)A¢ = wS L (3.30)

000 S = ap+ai1d; +a2d; Dag, a1, a2 O fo, /1, /,0000006;,6, 0000000000000
A<000000060000000000000000000000MGMOO0000000000 -
0000--0000000000 1000000000000000 (3.30)0 ADIOO 1000000
1000000000000000000012000000000000000000000192x320

goooso0oooooobobo0o obobobooooooboooboobooo

ooooooooboo FEMOOODDOOOOOOOO0ODOOOOODDOOOODOOOO0OOOODDOO
00000000000000000000000000000000 Slooff(1982)0 004000000
00000 Atkinson(1973) 0 0000 20 Fredholm OO0 00000000000 O0OOOOOOOO

A () - / K(x, )(€) dé = g(x) (3.31)
go0oooooooo

Af(z:) —Z WiK (24, zj) fihj = g(z:) (3.32)

J

0000000 [[-W,;K;h;]=A00000 {f(z;)} =, {g(z;)} =b000000 10000
Az =b (3.33)

00001000000000000000000000000 G2000A2%22=%*0 JacobiOOOODO
00 22000007 =422-0°0000000000 G 0000 =072000000A%z! =7t
00000000 62'0000062% =162 0 Nystrom 000000

£(@) = 5 [oe) + 3 WiK (e, 25) ] (334
J
000000022000000 MOO0O0O0OO0 G'O000000O00000O00D0000O0D00O0000
00000 (3.34)000000000000000OJacobiD 00000 OOODOOOOOOOODO 10O
Fredhoim OO OOOO0O0ODOOOOODOOOOOOOOO02000000000000D00000O00O0DOO
oo tbobtboboo240oboobbooooboobobo eooog
0000OO00OoOOo0OoODoOOd JacobiOOOOOODODOODOO

e 24 panels O determine residual
l restriction
. 12 panels . .
/ / / X determine correction
6 panels / prolongation(Nystrém)
-—1 MG cycle— e apply correction

4Slooff, J.W., Requirements and developments shaping a next generation of integral methods, Numerial Methods in
Aeronautical Fluid Dynamics, Roe, P.L., ed., p.517, 1982, Academic Press.



